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(Abstract.) 

The object of the paper is, in ihe first place, to simplify and 
extend the treatment of normal correlation as expounded by Francis 
Galton and Karl Pearson j and in the second place to obtain general 
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formiilse in tlie theory of error, and to apply them to questions whicli 
arise in relation to normal distribntions and normal correlation. The 
method is, throughout, elementary, the nse of the differential and 
integral calcnlns being avoided, though geometrical infinitesimals are 
to a certain extent employed. 

Oeometrical, 

The normal curve is defined by the property that the product of the 
abscissa and the snbtangent is constant ; thus if MP is an ordinate 
from the base, and PT the tangent, OM . MT = a^ O being a fixed 
point in the base. The area bounded by the curve and the base 
OMT is called a normal figure. The length 2a is iheparameter of the 
figure. The definition of the curve leads at once to its projective 
properties, and also to the formula for the mean value of a:>+^ or 
aj^^*+^, where o^ denotes the distance of an element of area from the 
central ordinate. 

If the normal cnrve or normal figure is rotated about its central 
ordinate, it generates the normal surface or normal solid. It is 
proved geometrically that any vertical section of this solid (i.e., any 
section by a plane perpendicular to its base plane) is a normal figure 
of the same parameter as the central sections ; and, therefore, if tbe 
sections of the surface by any series of parallel vertical planes are 
projected on any plane of tbe series, the curves so obtained are ortho- 
gonal projections of one another with regard to their common base. 
The converse propositions are also established geometrically. 

The volume of the solid is obtained in terms of its central ordinate 
and of the parameter of vertical sections ; and thus it is found that 
the central ordinate of a normal figure of semi-parameter unity and 
area unity is I/v 27r. 

Let 2 be any closed curve in the base plane. Then it is shown 
how to construct a cu.rve whose area shall be proportional to the 
portion of the solid which lies vertically above 2, i.e., to the volume 
which would be cut out of the solid by a cylinder having S for its 
cross- section. Thus, when S is given, this volume can be measured 
mechanically. 

Statistical, 

Let L and M denote the measures of two co-existent attributes, 
Li and Mi their mean values, a^ and ¥ the mean squares of the 
respective deviations from the means, and ab cos D the mean product 
of the deviations from the means. Then the angle D is called 
the divergence. The solid of frequency of (L — Li)/asin D and 
(M— Mi)/6 sin D, the planes of reference being inclined at an angle D 
to one another (so that the included angle is 180°— D), is called the 
correlation-solid. 

o 2 
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It is shown that, whatever the laws of distribution may be, the 
correlation -solid of the distributions of L and M is the same as that 
of the distributions of ZL + wM and. Z'L-f m'M, where Z, m, l\ m 
are any constants whatever. 

If L and M are distributed '^normally/' and the distributions are 
independent, the correlation-solid will bo a normal solid. Hence it 
follows that the distribution of ZL-f mM is also normal. 

Galton's deiinition of normal correlation is adopted; his "coeffi- 
cient of correlation " being* therefore cos T). It is shown that the 
correlation -solid of two normally correlated distributions is a normal 
solid, and, therefore, if the distributions of L and of M are normally 
correlated, the values of ZL-f 'w^M are normally distributed, and the 
distributions of ZL + mM and of Z'L + m'M are normally correlated. 

The value of D, in a case of normal correlation, can be obtained 
without calculating the means, mean squares, and mean product. If 
we find the medians Li and Mi, and form a table of double classifica- 
tion, thus : — 





Below Li. 


Above Li. 


Below M| 

Above Ml 


P 


p 



then D = 



Q 



X 180°. 



P + Q 

If we know the proportions of Individuals for which L exceeds 
values X and X', and the proportions for which M exceeds values Y 
and y, we can, for any particular value of D, construct an area 
reDresenting the proportion of individuals for which L lies between 
X and X', and M between Y and Y'. The simplest case is that in 
which the distributions of L and of M are classified in the same way, 
e.^., according to the " decile " method. The proportions of indi- 
viduals falling into the 100 classes corresponding to a double decile 
classification are obtained by constructing a certain figure, which is 
the same whatever the value of D may be, and moving the figure 
through a distance equal to D/360°of its whole length. The diagram 
so obtained contains 100 areas, representing the proportions in the 
100 classes in question. 

The definitions of independence and of normal correlation are ex- 
tended to any number of distributions, and it is shown that if the 
distributions of L, M, N. . . . are normal, and either independent or 
correlated, the yalues of ZL + ^^^'M + nl^ +, . • . are normally distri- 
buted. 
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Theory of EoTor. 

Let a community be divided into a nnmber of classes, the propor- 
tions in tlie different classes being ^i, ;2^25 ^3. . . « , so tliat ^1 + ^2 + ^3 + 
.... =1. Suppose a random selection of n individuals to be made, 
the numbers drawn from the different classes being n(zi -f ej, 
n(z2 4- G2), n(zs + £3). . • • It is proved geometrically, v^ith the aid 
of the binomial theorem, that the values of the errors ej, €3, €3. . . . are 
normally distributed, and that the distributions are normally cor- 
related. It follows that the values of any expression of the form 
SAe = Ai^i -f A262 + A-aeg -f- • • • are normally distributed. The mean 
square of 2Ae is shown to be {'2A.^z—'{'2Azy^}'^n, and the mean pro- 
duct of SAg and 2Be to be {^A'Bz—^kz,^Bz}-~-n, The applica- 
tions are of two kinds : — 

(1) The valaes of the probable errors in the determination of 
certain quantities are obtained, and, in particular, the probable errors 
in the mean, mean square of deviation, mean product of deviations, 
and divergence. 

(2) Formulas are obtained for testing particular hypotheses ; e.g., 
whether two distributions (of any kind) are independent ; whether a 
distribution is normal ; and whether two normal distributions are 
correlated. 



"Mathematical Contributions to the Theory of Evolution. IV. 
On the probable Errors of Frequency Constants and on 
the Influence of Random Selection on Variation and 
Correlation.'' By Karl Pearson, M.A., P.R.S., and 
L. N. G. FiLON, B.A., University College, London. Re- 
ceived October 18, — Read November 25, 1897. 

(Abstract.) 

1. This memoir starts with a general theorem, by which the 
probable errors made in calculating the constants of any frequency 
distribution may be determined. It is shown that these probable 
errors form a correlated system approximately following the normal 
law of frequency, whatever be the nature of the original frequency dis- 
tribution, *.e., whether it be skew or normal. The importance of this 
result for the theory of evolution is then drawn attention to. It is 
shown that any selection, v^hether of size, variation, or correlation, 
will in general involve a modification not only of the size, but the 
variation and correlation of the whole complex of correlated organs. 
The subject of directed selection, of which this random selection is 
only a special case, is reserved for another memoir, nearly completed. 



